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I. INTRODUCTION
Positron annihilation techniques provide several ways to probe atomic-scale defects in materials. 1,2 This is because positrons are trapped by open volume and also by negatively charged defects. The positron lifetime in the material depends on the local electron density at the site of the positron annihilation. At vacancy-type defects, such as small vacancy clusters, the average electron density seen by the positron is reduced, and the positron lifetime is longer than that in the perfect bulk crystal. More information is, however, contained in the momentum density of annihilating electronpositron pairs. It reflects the spatial and momentum ͑energy͒ distribution of electrons in the material. For example, in the case of positron trapping the momentum density is strongly sensitive both to the open volume and to the chemical environment of the defect enabling the defect identification. 3 The basic methods to measure momentum densities are the oneand two-dimensional angular correlation of the annihilation radiation ͑1D-ACAR and 2D-ACAR, respectively͒ experiments and the detection of the Doppler-broadening of the annihilation rate. Together with the positron lifetime measurement these techniques have been widely used to identify defects in semiconductors. [4] [5] [6] [7] [8] For the elemental and compound semiconductors with diamond or zinc blende lattice structures, the interesting feature in the 2D-ACAR distribution is its anisotropy. The anisotropy is due to the characteristic spatial and momentum distributions of electrons in the perfect bulk or around the defect in question. 9 In the perfect bulk material the 2D-ACAR distributions are rather anisotropic, reflecting the fact that certain valence bands in certain directions in the Brillouin zone do not contribute to the momentum density of annihilating electron-positron pairs. In contrast, for vacancies in semiconductors, the 2D-ACAR distributions are rather isotropic. However, the 2D-ACAR distribution corresponding to aligned divacancies in Si has been shown to have again interesting anisotropies. 10 In Doppler-broadening experiments the characteristic feature is the narrowing of the one-dimensional momentum distribution at vacancy-type defects. Thus, different vacancy agglomerates produce specific momentum distributions and their identification with the 2D-ACAR or the Doppler-broadening method becomes possible.
Recently, Saito and Oshiyama 11 calculated the positron lifetimes for nearest-neighbor vacancy clusters in Si and proposed an assignment to the experimental positron lifetime values. To complement the assignment, we calculate positron annihilation characteristics corresponding to the momentum distributions. First, we show qualitatively the anisotropies of the 2D-ACAR distributions and observe the increasing isotropy as the size of the vacancy cluster increases. We then calculate the momentum distributions corresponding to the Doppler-broadening spectra showing the response to the size of the vacancy cluster. Especially, we determine the lineshape parameters S and W and compare them with existing experimental values. To our knowledge, this is the first time that these parameters are theoretically predicted.
The calculation of the electron-positron momentum distribution requires the determination of the self-consistent electronic structure of the system in question. We obtain the valence electron structure employing the plane-wave pseudopotential method within the density-functional theory. Atomic wave functions are used for the core-electron states. A similar construction of the electron density was recently used by Panda et al. 12 when calculating the electron-positron momentum distributions for bulk Si, Ge, and diamond. As systems we consider the perfect bulk lattice and ideal vacancy clusters, i.e., the ions surrounding the defect are not allowed to relax from their ideal lattice positions. The omission of the lattice relaxation is justified, because we are mainly interested in the behavior of the positron annihilation characteristics as a function of the open volume of the defect. Moreover, the calculation of the lattice relaxation including the effects of the localized positron is quite sensitive to the theoretical scheme used. 13 The positron states and annihilation characteristics corresponding to these ionic and electronic structures are calculated by taking the electronpositron correlation effects into account. The proper treatment of the correlation effects is important also when calculating the momentum densities of annihilating electronpositron pairs in Si ͑see, for example, Ref. 12͒. We use the method by Alatalo et al. 6 This method has been previously used to calculate the core-electron contribution to the momentum distributions 6 and also the valence part in the case of some perfect bulk solids. 14 The present calculation of the line shapes for defects is a new application of the method.
The present paper is organized as follows. The computational methods are explained in Sec. II. In Sec. III the calculated 2D-ACAR distributions for perfect bulk and small vacancy clusters are first discussed. The calculated Doppler spectra and the shape parameters S and W are then presented and compared with experimental data. Section IV concludes the paper.
II. METHOD
The electronic structure for the perfect bulk lattice or for a given defect is calculated within the density-functional theory in the local-density approximation ͑LDA͒ ͑Ref. 15͒ for the electron exchange and correlation effects. We use norm-conserving nonlocal pseudopotentials 16 with the nonlinear core-valence exchange-correlation scheme 17 and a plane-wave basis to calculate the wave functions for valence electrons. The kinetic-energy cutoff of the plane-wave expansion is 8 Ry, and the supercell size is 64 atom sites. The self-consistent valence-electron densities are obtained by sampling the Brillouin zone with the Monkhorst-Pack 18 2ϫ2ϫ2 k-point mesh ͑1-4 points depending on the symmetry of the supercell͒.
The positron wave function is calculated from a oneparticle Schrödinger equation for which the potential is constructed using the self-consistent valence electron density and the core electron densities of free atoms. 13 The potential contains the Coulombic and the correlation part. For the positron states localized at defects the so-called conventional scheme is used, in which the finite positron density does not affect the average electron density. The electron density can thus be first determined without the effects of the positron. The correlation potential is calculated using the correlation energy for a delocalized positron in a homogeneous electron gas. 19, 20 The conventional scheme is the correct limit of the two-component density-functional theory 20 for a delocalized positron. Due to certain cancellation effects the scheme gives positron densities and annihilation characteristics in good agreement with the appropriate two-component densityfunctional calculations. 13, 21 In practice the positron Schrödinger equation is solved in real space. 22 For a localized positron a Brillouin-zone integration over the lowest lying positron band is used. 21 We obtain the momentum density (p) of annihilating electron-positron pairs from the electron and positron singleparticle wave functions j and ϩ , respectively. We use the scheme by Alatalo et al., 6, 14 for which
where p is the total momentum of the annihilating pair, r e and c are the classical electron radius and the speed of light, respectively. The enhancement factor ␥ j takes into account that the electron density is piled up at the positron due to correlation effects. In the scheme by Alatalo et al. 6, 14 ␥ j depends on the electron state in question,
but not on the momentum proper. Above, the partial annihilation rate j is calculated for each electron state j separately using the LDA ͑Ref. 23͒ with the interpolation form by Boroński and Nieminen 19, 20 ͑BN͒, and the annihilation rate j IPM within the independent particle approximation ͑IPM͒. The summation above is over all occupied electron states j. We calculate valence electron states at eight points in the first Brillouin zone of the simple cubic superlattice. The coordinates of the points are given by (n 1 ,n 2 ,n 3 )(2/A), where n 1 ,n 2 ,n 3 ϭ 0 or 0.5, and A is the lattice constant of the superlattice. Then we use the fast-Fourier transformation to perform the integration in Eq. ͑1͒ ͑separately͒ for the eight k points. The ensuing momentum density is given in a cubic p mesh with a spacing of 1.12ϫ10 Ϫ3 m 0 c (m 0 is the electron mass͒. The core-electron contribution to the momentum density is calculated using free-atom wave functions ͑for details, see Ref.
6͒ and added to the valence part. The 2D-ACAR distribution is obtained by integrating the total momentum density along a given p z direction:
and the Doppler spectrum is the one-dimensional momentum distribution ͑ p z ͒ϭ ͵ ͵ ͑p͒dp x dp y ,
͑4͒
where p z ϭ p L is the longitudinal momentum component of the annihilating electron-positron pair. In the following, Eq. ͑4͒ is further convoluted with a Gaussian ͓full width at half maximum ͑FWHM͒ϭ4.7ϫ10 Ϫ3 m 0 c] in order to mimic the experimental resolution. The convolution smears the spectrum so that the important information is contained in the relative amounts of annihilations taking place at low-and high-momentum regions ( p z Ͻ10ϫ10 Ϫ3 m 0 c and p z Ͼ10ϫ10 Ϫ3 m 0 c, respectively͒. The shape of the Doppler spectrum is monitored by the line-shape parameters S and W. 24 S describes mainly the annihilation with valence electrons whereas W is sensitive to the changes in the coreelectron annihilation. In this work we have defined the S parameter as the fraction of annihilations with p z р2.8ϫ10 Ϫ3 m 0 c, and the W parameter as the fraction of annihilations within the range of 11 ϫ10 Ϫ3 m 0 cрp z р20ϫ10 Ϫ3 m 0 c. These kinds of definitions have also been used in analyzing experimental spectra, for example, in Ref. 25 .
Finally, the positron lifetime is the inverse of the total annihilation rate obtained as
where n ϩ (r) and n Ϫ (r) are the positron and electron densities, respectively. ␥(r) is the LDA enhancement factor parametrized by Boroński and Nieminen. 20
III. RESULTS AND DISCUSSION

A. Positron lifetimes
Our positron lifetime results for the perfect Si and for the ideal vacancy clusters in Si are presented in Table I . We will compare our results with those of the previous study by Saito and Oshiyama 11 and with the experimental data. 25, 31, 32 The defects have been calculated in the neutral charge state. Actually, the charge state would affect the positron parameters mainly through the ionic relaxation, 26, 27 so that in our calculations ignoring the relaxation the charge state is not an important parameter. In the clusters with up to four vacancies the vacancies are adjacent in the same zigzag chain on a ͓110͔ plane. The cluster of five vacancies is three dimensional with one central vacancy and its four nearest-neighbor vacancies.
We have used the LDA scheme with the BN enhancement to calculate the annihilation rates. This choice makes the calculations and the interpretation of the results more straightforward than the use of more complicated schemes, such as the generalized gradient approximation ͑GGA͒ ͑Ref. 28͒ or the correction based on the finite dielectric constant of the semiconductor. 29 The different schemes lead to slightly different absolute positron lifetime values, but the most important features, the differences between the bulk and defect values, are similar in all schemes. The relative magnitude of the core annihilation rate is slightly smaller in the GGA than in the LDA. 6 On the other hand, the pseudopotential construction used in this work for the valence electron density seems to decrease the core rate in comparison with earlier LDA results. 6 The positron lifetimes for ideal vacancy clusters in Table  I are in agreement with those obtained by Saito and Oshiyama, 11 although our calculations are much simpler. We have determined the positron lifetimes for ideal vacancy-type defects using the conventional scheme whereas Saito and Oshiyama performed calculations based on the full twocomponent density functional theory and thereby obtained self-consistent electron and positron densities. The positron annihilation rates with the core electrons are also given in Table I . For the perfect bulk Si lattice the core contribution is relatively small due to the compact electron core. For the vacancy clusters the positron-core electron overlaps and the ensuing annihilation rates decrease. It should be noted that although we have studied ideal vacancy clusters, our coreelectron annihilation rates are remarkably higher than those reported by Saito and Oshiyama for relaxed vacancy clusters.
We think that the discrepancy reflects the inadequacy of the two-component scheme by Gilgien et al. 30 used by Saito and Oshiyama to describe the electron-positron correlation effects. In the comparison with the conventional scheme the scheme by Gilgien et al. has been shown to lead to a much stronger localization for a positron at a defect and therefore to much smaller core annihilation rates. 13 The results of the conventional scheme are in a fair agreement with experiments. 6, 13 Saito and Oshiyama 11 also studied the effects of ionic relaxation by minimizing the total energy. They showed that the ionic relaxation increases the positron lifetime for the small vacancy clusters in comparison with the ideal clusters whereas an opposite effect is found for the larger clusters. However, the influence of the ionic relaxation, perhaps with the exception of the monovacancy, is generally not very large. This is due to a cancellation effect: without the positron the ions surrounding a vacancy defect have a tendency to relax inwards from their ideal lattice positions, but the introduction of the localized positron causes an outward relaxation. This cancellation of the relaxation effects justifies our calculations, which completely ignore the ionic relaxation. On the other hand, it is possible to use the ionic relaxation as a parameter to be determined so that the experimental positron lifetime, or actually the difference between the bulk and defect systems, is reproduced. Then other positron annihilation characteristics could be calculated and compared with experiment.
The positron lifetime of 221 ps calculated for the perfect lattice is longer than ϳ210-211 ps we obtain by using the same enhancement factor, but employing all-electron methods. 22, 26 The agreement is reasonable considering that different computational approximations have been done in the different methods. The lifetime of 221 ps is also in a good agreement with the experimental bulk lifetime of 218 ps. 31 The value of 255 ps for the monovacancy is close to the value of 250 ps obtained for a negatively charged vacancyphosphorous pair in highly P-doped n-type Si. 32 This defect is isoelectronic with a doubly negative isolated Si vacancy and therefore their ionic relaxations are expected to be similar. For the neutral vacancy-phosphorous pair a longer positron lifetime of 268 ps has been reported. 32 This value is close to the experimental values 31 of about 270 ps for an isolated Si vacancy and somewhat less than the 279 ps calculated for the neutral Si vacancy by Saito et al. taking the lattice relaxation into account. One can thus conclude that the ions around the Si vacancy, which is in the neutral charge state with a trapped positron, should relax slightly outwards. The ideal positions of the ions around the Si vacancy, on the other hand, would correspond to a more negative charge state. The positron lifetime given for the ideal divacancy in Table I is slightly shorter than that for a relaxed divacancy calculated by Saito et al. The lifetime is also close to the experimental value of 300Ϯ5 ps for divacancies. 25 Figure 1 shows the calculated 2D-ACAR distributions for the perfect bulk and for the ideal vacancies V 1 -V 5 in Si. The integration of the momentum density has been performed with p z along the ͓110͔ direction. The 2D-ACAR distribu- tions have been averaged with respect to the different possible orientations of the defect in the crystal. We see that V 1 preserves part of the anisotropy seen in the bulk, but for larger vacancies the distributions become narrower in the ͓001͔ direction and very isotropic. The bulklike component in the V 1 map is due to the fact that the positron wave function does not localize totally in the monovacancy but samples also bulklike regions. For the larger vacancy clusters the positron wave function is well localized and isotropic. The isotropy of the V 2 map is in accordance with experimental results. 33 Furthermore, according to the experiments, the various charge states (V 2 0 , V 2 Ϫ1 , V 2 Ϫ2 ) of the divacancy produce only slightly different 2D-ACAR distributions. The V 3 and V 4 maps are practically isotropic, but in the V 5 map there are more detailed features in the momentum contours. We assume that these features reflect the recovery of the high T d symmetry of a lattice point.
B. Momentum distributions
In the case of the perfect bulk Si ͓Fig. 1͑a͔͒ the valence electron bonding is seen as clear directional anisotropies in the 2D-ACAR momentum distribution. In the Doppler spectra the anisotropies are strongly reduced for the different crystallographic directions. Table II shows the experimental results of Ref. 34 with our calculated ones for the perfect bulk. The calculated values for the monovacancy are also given. For the bulk the present method reproduces the ratios of the S parameters within the experimental error. In contrast, we found a disagreement with experiment by using the enhancement of Ref. 35 instead of the state-dependent enhancement of Eq. ͑2͒: the enhancement of Ref. 35 was found to overestimate the anisotropy considerably. For the monovacancy the characteristic anisotropy diminishes. For V 2 and for the larger vacancy clusters the anisotropy in the S and W parameters vanishes within the calculational accuracy.
The shapes of the Doppler spectra for the perfect bulk lattice and for the ideal vacancies are analyzed in Figs. 2 and 3. Figures 2͑a͒ and 2͑b͒ show the core and valence electron contributions in the Doppler spectrum for the perfect bulk lattice. The calculated Doppler spectra are normalized to unity and given with p z along the ͓100͔, ͓110͔, and ͓111͔ directions. The anisotropy between the directions is generally rather small, except that there is a bulge at the momentum of about 15ϫ10 Ϫ3 m 0 c in the ͓111͔ curve, which reflects the symmetry of the perfect Si lattice. The contribution from the annihilations of the positrons with the valence electrons is substantial up to rather high momenta, of ϳ25ϫ10 Ϫ3 m 0 c. 2. Positron annihilation probability densities P( p z ) calculated for perfect bulk Si with p z along the ͓100͔, ͓110͔, and ͓111͔ directions ͑solid, dash-dotted, and dotted line, respectively͒: ͑a͒ linear, ͑b͒ logarithmic scale. Experimental ͑Ref. 6͒ ͑markers͒ and calculated ͑lines͒ positron annihilation probability densities P( p z ) for perfect bulk Si with p z along the ͓100͔ direction: ͑c͒ linear, ͑d͒ logarithmic scale. The curves have been convoluted with a Gaussian to mimic the experimental resolution. This is a result of the small core-electron contribution, which is about 2.2% of the total annihilation rate. The valence electron contribution in the momentum values larger than 10ϫ10 Ϫ3 m 0 c explains the directional anisotropy of the W parameter for the perfect bulk and for V 1 in Table II . Figures  2͑c͒ and 2͑d͒ display the comparison between the experimental data of Ref. 6 and the calculated curve with p z along the ͓100͔ direction. The theory reproduces successfully both the high-and the low-momentum parts of the experimental data. Figure 3 demonstrates the narrowing of the Doppler spectrum as the size of the vacancy cluster increases. We have calculated the Doppler spectra for the different systems and give the differences with respect to the perfect bulk. All difference curves exhibit a similar behavior: the intensity with respect to the bulk is higher below and lower above momenta of about 3ϫ10 Ϫ3 m 0 c. This kind of narrowing of the spectra reflects the decrease of the average valence electron density ͑and the effective Fermi momentum͒ seen by the positron. The small differences between the crystallographic directions are mainly due to the anisotropy in the Doppler spectrum for the perfect bulk. As the size of the vacancy cluster increases, another feature is also evident: the decrease of the intensity at high momenta (p z Ͼ10ϫ10 Ϫ3 m 0 c), which is due to the decrease of the relative core annihilation rates ͑see Table I above͒.
The narrowing of the Doppler spectrum can be studied quantitatively by the characteristic S and W parameters. In Table III 25 (S bulk exp ϭ0.5039Ϯ0.0001, W bulk exp ϭ0.02045Ϯ0.00007͒. The results for the ideal vacancy (V) can be compared with those measured for the negatively charged vacancy-phosphorous pair in Si. 36 The comparison is expected to be reasonable because the experimental positron lifetime 250 ps is close to the calculated value of 254 ps. The preliminary experimental results for the S/S bulk and W/W bulk parameters are 1.016 and 0.91, respectively. These are in a fair agreement with the calculated values given in Table III , although one should note that the experimental resolution ͑FWHM͒ has been about 6ϫ10 Ϫ3 m 0 c, i.e., slightly larger than the FWHM of the Gaussian used in the convolution of the theoretical spectrum. In addition, the agreement is good both in shape and magnitude. This means that the substitution of one of the nearest neighbor Si atoms of the vacancy by a P atom should not remarkably influence the momentum distribution around the vacancy. Considering the isolated Si monovacancies, Avalos and Dannefaer 37 have studied electron-irradiated float-zone silicon, and suggest that the S/S bulk value of 1.038Ϯ0.003 could be comparable to that for isolated monovacancies. This value is bracketed by our calculation for the ideal monovacancies and divacancies similarly to the corresponding lifetime of 270 ps, 31 which is bracketed by the positron lifetimes for the ideal monovacancy and divacancy.
In the case of divacancy (V 2 ), two experimental results have been reported. Kauppinen et al. 25 give the S/S bulk and W/W bulk values of 1.052Ϯ0.003 and 0.78Ϯ0.02 for the negative charge state of V 2 . The data is measured for protonimplanted low-doped n-type silicon layers. Avalos and Dannefaer, 37 on the other hand, give the S/S bulk value of 1.067Ϯ0.002. Our calculation gives the values of 1.045 and 0.72 for the ideal divacancy, in better agreement with the former experimental values. The scatter in the experimental S/S bulk values for the divacancy resembles the scatter in the experimental positron lifetimes for this defect. 25, 37 It should be noted that the conventional single-detector spectroscopy was used in Refs. 25 and 37, whereas the coincidence technique 5 was used in Ref. 36 . Table II . If a different window for the W parameter than the interval ͑11-20͒ϫ10 Ϫ3 m 0 c were used, a different characteristic behavior would be naturally obtained. It is also interesting to see how much the core electron annihilation affects the calculated S parameter values. In Table II we give the parameter S val , which is calculated without the core-electron contribution to the momentum density. This parameter increases less steeply than the one with the core-electron contribution included as the size of the vacancy cluster increases. We conclude that changes in the core-electron annihilation rates when posi-trons are annihilating at the vacancy clusters in Si do not influence much the shape and magnitude of the Doppler spectrum at low momenta ( p z Ͻ10ϫ10 Ϫ3 m 0 c). In contrast, Alatalo et al. 6 demonstrated that the high-momentum region (p z Ͼ10ϫ10 Ϫ3 m 0 c) is strongly dependent on the magnitude of the core annihilation. Finally, Fig. 4͑d͒ shows the almost linear relation between the S/S bulk and W/W bulk parameters for the different vacancy clusters. Vacancies and vacancy clusters decorated with impurities in the material can produce significantly different S/S bulk and W/W bulk parameters compared to this linear relation. Therefore, the present results may be useful in guiding the experimental identification between the clean vacancy clusters and the vacancy clusters decorated with impurities.
IV. CONCLUSIONS
We have calculated electron-positron momentum distributions for ideal vacancy clusters in Si. For unoriented vacancy clusters consisting of 2-5 vacancies the 2D-ACAR distributions are very isotropic along different crystallographic directions. We have calculated the characteristic valence (S) and core (W) annihilation parameters for the ideal systems. The results for the monovacancy and divacancy agree well with the experimental data. The S and W parameters are strongly sensitive to the size of the vacancy cluster, which confirms that the Doppler-broadening spectroscopy is effective in defect studies. However, one should emphasize that the comparisons of the whole momentum distributions give more information than the comparisons of the integrated S and W parameters.
